Fibonacci polynomials are defined in the context of the two-dimensional discrepancy of Tausworthe pseudorandom sequences as an analogue to Fibonacci numbers, which give the best figure of merit for the two-dimensional discrepancy of linear congruential sequences. We conduct an exhaustive search for the Fibonacci polynomials of degree less than 32 whose associated Tausworthe sequences can be easily implemented and very quickly generated.
Introduction
The major part of the theory of linear congruential sequences was developed in the 1960s and 70s. (The most comprehensive reference on this subject is the book by Knuth [4] .) One of the most interesting results obtained in that period is the fact that the autocorrelation property of linear congruential sequences can be characterized by using the partial quotients in the continued fraction expansions associated with the linear congruential generators. To be specific, we have the best autocorrelation performance for the linear congruential sequences when their modulus and multiplier are selected as a consecutive pair of Fibonacci numbers. It is also known [12] that the autocorrelation can be bounded from above by the corresponding two-dimensional discrepancy. Borosh and Niederreiter [2] made an exhaustive search for good parameters in terms of this criterion.
For the digital multistep sequences, the special subclass of Tausworthe sequences, Mullen and Niederreiter [7] obtained the figure of merit for the discrepancy of the sequences, and defined Fibonacci polynomials based on the two- [7] are rarely primitive. The objective of this paper is to provide the parameters of Tausworthe sequences with the following properties: ( 1 ) the parameters are best possible with respect to the two-dimensional discrepancy, and (2) the sequences can be generated very fast, i.e., one pseudorandom number is generated with one exclusive-or (XOR) operation. The paper is organized as follows. Section 2 briefly overviews the definition of Tausworthe sequences and defines Fibonacci polynomials based on the theorem for the two-dimensional discrepancy of the sequences. In §3, we describe an exhaustive search conducted for finding Fibonacci polynomials whose corresponding Tausworthe sequence can be generated by using the GFSR (Generalized Feedback Shift Register) algorithm [5] . Section 4 gives some comparisons with the generators obtained in André et al. [1] .
Overview of Tausworthe sequences
Let G F {2, x} denote the field of all Laurent series of the form S(x) = Yl7=_00SjXj, with m an integer and Sj in GF(2). Here we define linear congruential sequences in GF{2, x} . Let cr be a mapping from G F {2, x} to the real field, defined by o(S(x)) = S(2).
where g(x), h(x), M(x) and f"(x) are polynomials in GF{2, x} . In practical situations, u" is expressed approximately by its truncated value, i.e., by summing from some index -L to m , rather than from -oo to m . We will show that a Tausworthe sequence is a special case of the above general class. Let M(x) = xp + cxxp~x -l-\-cp be a primitive polynomial of degree p over GF (2) , h(x) = 0, g(x) = (xs mod M(x)), with 0<s <2P -1, gcd(s, 2P-1) = 1, m = -1, and L be the "word-size". Suppose f0(x)/M(x) = axx~x+a2x~2ji-.
Then M(x) x (axx~x +a2x~2-\-) = /0(x), i.e., no fractional terms exist in the left-hand side. Hence, a", n =p+l,p + 2,..., satisfies the recurrence relation a" = cxan^x + ••• + cpa"-p (mod 2) whose characteristic polynomial is M(x). Therefore, the sequence is written, for n = 1, 2,... , as
This sequence is identical with the Tausworthe sequence defined in [13] . Note that the digital multistep sequences defined by Niederreiter [12] are a special case of Tausworthe sequences, i.e., 2 < s = L < p . The discrepancy of Tausworthe sequences has been obtained in [9, 11, 14, 17] . The result can be rewritten as follows based on the formulation given above in (1). Here we define deg(0) = -1. Hence, the value of p(k) can be regarded as a figure of merit for the discrepancy of the Tausworthe sequence; that is to say, the larger pW is, the lower the discrepancy.
Note that Theorem 1 also holds for the sequence defined by ( 1 ) The first inequality comes from the fact that the continued fraction gives the best approximation of g/M. Hence we obtain
Note that there exists a pair of polynomials (a(x), b(x)) for any degree of b(x) such that the degrees of partial quotients in the continued fraction expansion of a(x)/b(x) are all one. Some properties of this kind of pair have recently been investigated in [6, 10] .
Here, we introduce the definition of Fibonacci polynomials. Our definition can be viewed as a generalization ofthat of Mullen and Niederreiter [7] , where a polynomial a(x) of degree p is called a Fibonacci polynomial if the maximum degree of the partial quotients in the continued fraction expansion of a(x)/xp is one. The result in [6] claims that for each irreducible polynomial b(x) there exist exactly two pairs of Fibonacci polynomials (a(x), b(x)).
The following recurrence relation produces a sequence of Fibonacci polynomials, F¡(x) ,1 = 0,1,2,...:
where Fn(x) = 1, Fx(x) = Ax(x), and A¡(x), i = 1, 2, ... , are arbitrary polynomials over GF(2) of degree one, i.e., A¡(x) = x or x + 1. Thus, (F¡(x), Fi+X(x)) is a pair of Fibonacci polynomials.
2.2. GFSR implementation of Tausworthe sequences. Some subclass of Tausworthe sequences can be implemented by using the GFSR algorithm [3, 5, 19] , which uses the following recurrence relation:
where XOR is the bit-wise exclusive-or operation. Since a Tausworthe sequence is given by (2) , if the decimated sequence {a"s: n = 1,2,...} satisfies a recurrence relation whose characteristic polynomial is a primitive trinomial xp+ x" + 1, p > q , then the Tausworthe sequence {«"} can be quickly generated by the GFSR algorithm with a small amount of initialization cost required to calculate ux, ... ,up. Note that the recurrence relation (4) corresponds to the scheme (1) such that (5) and h(x) = 0.
g(x)p + g(x)q + 1 = 0 (mod Mix)) ,
Exhaustive search for the best generators
There are many pairs (a(x), b(x)) of Fibonacci polynomials for a given degree of b(x). As pointed out in [10] , on the average, every polynomial b(x) has one a(x) such that in the continued fraction expansion of a(x)/b(x) the partial quotients are all of degree one. That is why we tabulate only the generators which can be implemented by the GFSR algorithm. The strategy of the search is as follows: By using the recurrence (3), we generate all pairs (Fp_x(x), Fp(x)), and then for each pair, we check whether (Fp-X(x))p + (Fp-X(x))q +1=0 (mod Fp(x)), which comes from the condition (5), where xp + xq + 1, p > q, is a primitive polynomial. If the check passes, then the pair obtained is regarded as (g(x), Mix)) for the Tausworthe sequence. The validity of this approach is as follows: Since xp + xq + 1, p > q, is a primitive polynomial, the resulting sequence u", « = 1,2,..., has a period of 2P -1, i.e., the sequence f" five for any degree. However, all the generators in Table 1 are the best in terms of the two-dimensional discrepancy, while all the generators listed in André et al. are not. Tables 3 and 4 show all generators of degree 31 which we found. In comparison with the universally optimal generator of degree 31, whose figures of merits are 31, 25, 25, 24, and 20 in the dimensions two to six, respectively, the generator G3 is almost comparable.
